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1. Introduction
Function spaces have a long history. They play an important role in both classical and modern analysis. This paper will
concern on Q α,qp (R
n) spaces which are useful tools in the study of partial differential equations. Before we state our main
results, let us brieﬂy review the history of Q α,qp (R
n). It begins with BMO(Rn).
Deﬁnition 1.1. (See [9].) Let f ∈ L2loc(Rn), f I = |I|−1
∫
I f (x)dx. BMO(R
n) is the space of all measurable functions with
‖ f ‖BMO(Rn) =
(
sup
I
|I|−1
∫
I
∣∣ f (x)− f I ∣∣2 dx
)1/2
< ∞,
where the supremum is taken over all cubes I with the edges parallel to the coordinate axes in Rn .
In 2000, Essén, Janson, Peng and Xiao introduced the space Qα(Rn), a subspace of BMO(Rn).
Deﬁnition 1.2. (See [7].) Let α ∈ (−∞,∞), f ∈ L2loc(Rn). Qα(Rn) is the space of all measurable functions with
‖ f ‖Qα(Rn) =
(
sup
I
|I| 2α−nn
∫
I
∫
I
| f (x)− f (y)|2
|x− y|n+2α dxdy
)1/2
< ∞,
where the supremum is taken over all cubes I with the edges parallel to the coordinate axes in Rn .
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• Qα(Rn) is always a subspace of BMO(Rn);
• Qα(Rn) = BMO(Rn) for α < 0;
• Qα(Rn)  BMO(Rn) for α  0;
• Qα(Rn) = C if n = 1 and α > 1/2, or n 2 and α  1.
Since the paper [7] appeared, Qα(Rn) has become a useful and interesting concept and has been studied extensively by
many authors, see [4,1,5,6,10,15,16]. Meanwhile, Qα(Rn) has been generalized to Q
β
α (R
n) and Q α,qp (R
n) which have been
widely applied into harmonic analysis and partial differential equations. Particularly, Xiao in [22] applied Qα(Rn) to study
the well-posedness of incompressible Navier–Stokes equations. Motivated by this, Li and Zhai in [11] introduced Q βα (Rn) to
discuss the well-posedness and regularity of mild solution to the generalized Navier–Stokes equations which was obtained
by replacing − in the classical incompressible Navier–Stokes equations by (−)β/2.
Deﬁnition 1.3. (See [11].) For α ∈ (−∞, β) and β ∈ (1/2,1), Q βα (Rn) is the set of all measurable complex-valued functions f
on Rn satisfying
‖ f ‖
Q βα (Rn)
=
(
sup
I
|I| 2(α+β−1)−nn
∫
I
∫
I
| f (x)− f (y)|2
|x− y|n+2(α−β+1) dxdy
)1/2
< ∞,
where the supremum is taken over all cubes I with the edges parallel to the coordinate axes in Rn .
Obviously, the space Q βα (Rn) becomes the classical space Qα(Rn) when β = 1. For general β ∈ (1/2,1], Q βα (Rn) has
been applied to study the fractional Navier–Stokes equations (see [11,14] and [28]) and two-dimensional quasi-geostrophic
equations (see [13]). On the other hand, Q βα (Rn) is a special case of the space Q
α,q
p (R
n).
Deﬁnition 1.4. (See [19,3,24].) Let α ∈ (0,1), p ∈ (0,∞] and q ∈ [1,∞]. Q α,qp (Rn) is the space of all f ∈ S′∞(Rn) such that
f (x) − f (y) is measurable functions on Rn × Rn and
‖ f ‖Q α,qp (Rn) = supI |I|
1/p−1/q
{∫
I
∫
I
| f (x) − f (y)|q
|x− y|n+qα dy dx
}1/q
< ∞,
where the supremum is taken over all cubes I with the edges parallel to the coordinate axes in Rn .
Here, for q = 2 and p = nα , Q α,qp (Rn) = Qα(Rn) and when q = 2 and p = nα+β−1 and α1 = α − β + 1, Q α1,qp (Rn) =
Q βα (R
n). Q α,qp (R
n) has been studied extensively in recent years, see, for example, [17,24–26] and references therein.
The well-known Poincaré embedding means W˙ 1,n(Rn) ⊂ BMO(Rn) which is particularly signiﬁcant for partial differen-
tial equations (cf. [18]). The John–Nirenberg inequality in BMO(Rn) is classical in modern analysis (cf. [9]). In [21], Xiao
generalized the Poincaré embedding to Qα(Rn). Meanwhile, the John–Nirenberg inequality in Qα(Rn) has been studied by
Yue and Dafni in [27]. In the ﬁrst part of this paper, we will study the generalized Poincaré embeddings in Q α,qp (R
n). We
also prove the John–Nirenberg inequality in Q α,qp (R
n) when q = 2. To do this, we give the mean oscillation characterization
of Q α,2p (R
n). Here Q α,qp (R
n) can go back to Qα(Rn) and even BMO(Rn). Thus our results cover the according results in
BMO(Rn) and Qα(Rn).
The boundedness of Hardy operator is another focus in harmonic analysis. In this paper, we also study the Q α,qp (R
n)-
boundedness of the weighted Hardy operator Uψ deﬁned by
Uψ f (x) =
1∫
0
f (tx)ψ(t)dt, x ∈ Rn,
see Carton-Lebrun and Fosset [2], for a ﬁxed function ψ : [0,1] → [0,∞). Accordingly, as the adjoint operator of Uψ , the
weighted Cesàro average operator Vψ is deﬁned by
Vψ f (x) =
1∫
f
(
x
t
)
t−nψ(t)dt, x ∈ Rn.0
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Uψ goes back to the classical Hardy–Littlewood average U :
U f (x) = 1
x
x∫
0
f (y)dy, x 
= 0.
Its adjoint operator Vψ is the classical Cesàro average operator:
V f (x) =
{∫∞
x
f (y)
y dy, x> 0,
− ∫ x−∞ f (y)y dy, x< 0.
On the other hand, Xiao in [20] obtained the boundedness of Uψ on BMO(Rn), the boundedness of Vψ on H1(Rn) and the
corresponding operator norms. Meanwhile, Qα(Rn) can be viewed as a generalization of BMO(Rn) (cf. [7]).
Motivated by the above facts, a natural question is how about the boundedness of weighted Hardy operator in Qα(Rn)
spaces. We will give suﬃcient and necessary conditions of Q α,qp (R
n)-boundedness for weighted Hardy operator Uψ and the
weighted Cesàro average operator Vψ . Then, Qα(Rn)-boundedness is a special case.
In this paper, let Rn be the n-dimensional Euclidean space, with Euclidean norm denoted by |x|, and Lebesgue measure
denoted by dx. A cube I will always mean a cube in Rn with the edges parallel to the coordinate axes. The sidelength is l(I),
and volume is denoted by |I|. The dilated cube λI , λ > 0 is the cube with the same center as I and sidelength λl(I). Let q′
be the adjoint index of q, that is, 1/q + 1/q′ = 1. C will often be used to denote a constant, but it may vary from line to
line.
The paper is organized as follows. In Section 2, we will study the generalized Poincaré embeddings in Q α,qp (R
n). The
John–Nirenberg inequality in Q α,2p (R
n) will be given in Section 3. In Section 4, we will discuss the boundedness of weighted
Hardy operator in Q α,qp (R
n). Furthermore, the boundedness on predual space is obtained in the last section.
2. Generalized Poincaré embeddings
Let n 2 and α ∈ (0,1), Xiao proved that
E
(
Rn
)⊆ CIS(Rn)⊆ Qα(Rn)⊆ BMO(Rn)
in [21]. This generalized the well-known Poincaré embeddings W˙ 1,n(Rn) ⊂ BMO(Rn). In this section, we will generalize
these results. We ﬁrst introduce some invariant spaces as follows.
Deﬁnition 2.1. Let α ∈ (0,1), p ∈ (0,∞]. Eαp (Rn) is deﬁned as the space of all f ∈ C1(Rn) such that
‖ f ‖Eαp (Rn) = sup
I
|I| 1p − αn
{∫
I
∣∣∇ f (x)∣∣n dx}1/n < ∞,
where the supremum is taken over all cubes I with the edges parallel to the coordinate axes in Rn .
Deﬁnition 2.2. Let α ∈ (0,1), p ∈ (0,∞] and q ∈ [1,∞]. CISα,qp (Rn) is deﬁned as the space of all f ∈ C1(Rn) such that
‖ f ‖CISα,qp (Rn) = supI |I|
1
p − 1q + 1−αn
{∫
I
∣∣∇ f (x)∣∣q dx}1/q < ∞,
where the supremum is taken over all cubes I with the edges parallel to the coordinate axes in Rn .
Deﬁnition 2.3. Let α ∈ (0,1), p ∈ (0,∞] and q ∈ [1,∞]. BMOα,qp (Rn) is deﬁned as the space of all f ∈ L1loc(Rn) such that
‖ f ‖BMOα,qp (Rn) = supI |I|
1
p − 1q − αn
{∫
I
∣∣ f (x) − f I ∣∣q dx
}1/q
< ∞,
where the supremum is taken over all cubes I with the edges parallel to the coordinate axes in Rn .
Theorem 2.4. Let n q. Then
Eαp
(
Rn
)⊆ CISα,qp (Rn)⊆ Q α,qp (Rn).
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I
∣∣ f (x)∣∣q dx (∫
I
∣∣ f (x)∣∣n dx)q/n|I|1− qn .
Therefore, for any cube I ⊂ Rn ,
|I| 1p − 1q + 1−αn
{∫
I
∣∣∇ f (x)∣∣q dx}1/q  |I| 1p − 1q + 1−αn |I| 1q − 1n {∫
I
∣∣∇ f (x)∣∣n dx}1/n
= |I| 1p − αn
{∫
I
∣∣∇ f (x)∣∣n dx}1/n,
hence, Eαp (R
n) ⊆ CISα,qp (Rn).
(2) Suppose f ∈ CISα,qp (Rn). Then, we have{∫
I
∫
I
| f (x) − f (y)|q
|x− y|n+qα dxdy
}1/q
=
{∫
I
∫
I
( | f (x)− f (y)|
|x− y|
)q
|x− y|q(1−α)−n dxdy
}1/q

{∫
I
∫
|z|<√n|I|1/n
( | f (z + y) − f (y)|
|z|
)q
|z|q(1−α)−n dzdy
}1/q

{∫
I
∫
|z|<√n|I|1/n
( 1∫
0
∣∣∇ f (y + tz)∣∣dt
)q
|z|q(1−α)−n dzdy
}1/q

1∫
0
{∫
I
∫
|z|<√n|I|1/n
∣∣∇ f (y + tz)∣∣q|z|q(1−α)−n dzdy}1/q dt

1∫
0
{ ∫
(1+√n )I
∫
|z|<√n|I|1/n
∣∣∇ f (ω)∣∣q|z|q(1−α)−n dzdω}1/q dt
 C(n,q,α)|I|(1−α)/n
{ ∫
(1+√n )I
∣∣∇ f (ω)∣∣q dω}1/q.
Consequently,
|I| 1p − 1q
{∫
I
∫
I
| f (x)− f (y)|q
|x− y|n+qα dxdy
}1/q
 C |I| 1p − 1q + 1−αn
{ ∫
(1+√n )I
∣∣∇ f (x)∣∣q dx}1/q,
and CISα,qp (R
n) ⊆ Q α,qp (Rn). 
Theorem 2.5. Let α ∈ (0,1), p ∈ (0,∞], then Q α,2p (Rn) ⊆ BMOα,2p (Rn).
Proof. Let f ∈ Q α,2p (Rn). By the fact of
1
|I|2
∫
I
∫
I
∣∣ f (x)− f (y)∣∣2 dxdy = 2|I|
∫
I
∣∣ f (x)− f I ∣∣2 dx,
we have∫ ∣∣ f (x)− f I ∣∣2 dx = 1
2|I|
∫ ∫ | f (x)− f (y)|2
|x− y|n+2α |x− y|
n+2α dxdyI I I
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2|I|
(√
nl(I)
)n+2α ∫
I
∫
I
| f (x)− f (y)|2
|x− y|n+2α dxdy
 C |I|− 2p +1+ 2αn |I| 2p −1
∫
I
∫
I
| f (x) − f (y)|2
|x− y|n+2α dxdy
= C |I|− 2p +1+ 2αn ‖ f ‖2
Q α,2p (Rn)
,
therefore
‖ f ‖2
BMOα,2p (Rn)
= |I| 2p −1− 2αn
∫
I
∣∣ f (x) − f I ∣∣2 dx C‖ f ‖2Q α,2p (Rn).
This implies f ∈ BMOα,2p (Rn) and Q α,2p (Rn) ⊆ BMOα,2p (Rn). 
Remark 2.6. If p = n/α and q = 2, Theorems 2.4 and 2.5 are Theorem 4.1 in [21].
We can establish a relationship between Q α,qp (R
n) and homogeneous Besov space which is deﬁned as follows.
Deﬁnition 2.7. Let α ∈ (0,1), 1 p,q < ∞. B˙α,qp (Rn) is deﬁned as the space of all measurable functions f such that
‖ f ‖B˙α,qp (Rn) =
{∫
Rn
( ∫
Rn
∣∣ f (x+ y) − f (x)∣∣p dx)q/p dy|y|n+qα
}1/q
< ∞.
Theorem 2.8.
(i) If p  q 1, then B˙α,qp (Rn) ⊆ Q α,qp (Rn).
(ii) If β > α and q > 1, then Q β,qn/β(R
n) ⊆ Q α,qn/α(Rn).
Proof. (i) Suppose f ∈ B˙α,qp (Rn). By Hölder’s inequality with exponents p/q and its adjoint index, we get, for any cube I
in Rn ,
|I|1/p−1/q
{ ∫
|y|<|I|1/n
∫
I
∣∣ f (x+ y)− f (x)∣∣q dx dy|y|n+qα
}1/q
 |I|1/p−1/q
{ ∫
|y|<|I|1/n
(∫
I
∣∣ f (x+ y) − f (x)∣∣p dx)q/p|I|1− qp dy|y|n+qα
}1/q

{ ∫
|y|<|I|1/n
(∫
I
∣∣ f (x+ y) − f (x)∣∣p dx)q/p dy|y|n+qα
}1/q
= ‖ f ‖Bα,qp (Rn),
which gives us f ∈ Q α,qp (Rn).
(ii) Assume that f ∈ Q β,qn/β(Rn). For any cube I in Rn , we have
sup
I
|I| αn − 1q
{∫
I
∫
I
| f (x)− f (y)|q
|x− y|n+qα dy dx
}1/q
= sup
I
|I| αn − 1q
{∫
I
∫
I
| f (x)− f (y)|q
|x− y|n+qβ |x− y|
q(β−α) dy dx
}1/q
 sup
I
|I| αn − 1q + β−αn
{∫
I
∫
I
| f (x) − f (y)|q
|x− y|n+qβ dy dx
}1/q
= ‖ f ‖
Q β,qn/β (R
n)
.
Therefore, f ∈ Q α,qn/α(Rn). 
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(i) Let n 2 and 0<α < 1, or n = 1 and 0<α < 1/2, if q 2, then choose p = n/α, it is obviously that p > q and
B˙α,qn/α
(
Rn
)⊆ B˙α,2n/α(Rn)⊆ Q α,2n/α(Rn)= Qα(Rn).
This is (i) of Theorem 2.7 in [7].
(ii) If β > α and n/β > q, then
B˙α,qn/α
(
Rn
)⊆ Q β,qn/β(Rn)⊆ Q α,qn/α(Rn).
3. The John–Nirenberg inequality
In this section, we ﬁrst characterize Q α,2p (R
n) by mean oscillation. Furthermore, we use this equivalent characteriza-
tion of Q α,2p (R
n) to establish the John–Nirenberg inequality in Q α,2p (R
n). This extends the corresponding results in [7,12]
and [27].
For any cube I and an integrable function on I , we deﬁne
Φ2f (I) =
1
|I|
∫
I
∣∣ f (x)− f I ∣∣2 dx.
Recalling the notation Dk(I) for the successive dyadic partitions of I , let
Ψ f ,p,α(I) = |I|
2
p − 2αn
∞∑
k=0
∑
J∈Dk(I)
2(2α−n)kΦ2f (I).
We will prove that Q α,2p (R
n) can be characterized by supI Ψ f ,p,α(I).
Lemma 3.1. Let α > 0. Then, for any cube I and f ∈ L2(I),
Ψ f ,p,α(I) C |I|
2
p −1
∫
I
∫
I
| f (x)− f (y)|2
|x− y|n+2α dxdy.
Proof.
Ψ f ,p,α(I) = |I|
2
p − 2αn
∞∑
k=0
∑
J∈Dk(I)
2(2α−n)k · 1
2
(
2−nk|I|)−2 ∫
J
∫
J
∣∣ f (x) − f (y)∣∣2 dxdy
=
∫
Rn
∫
Rn
K I (x, y)
∣∣ f (x)− f (y)∣∣2 dxdy
where
KI (x, y) = 1
2
∞∑
k=0
∑
J∈Dk(I)
2(2α+n)k|I|−2|I| 2p − 2αn χ J (x)χ J (y)

∑
2kl(I)/|x−y|∞
2(2α+n)k|I| 2p − 2αn −2
 C
(
l(I)
|x− y|∞
)2α+n
|I| 2p − 2αn −2
= C |I| 2p −1|x− y|−2α−n,
here we used |x− y|∞  l( J ) = 2−kl(I) when x, y ∈ J ∈Dk(I). 
Lemma 3.2.
|I| 2p −1
∫
I
∫
I
| f (x)− f (y)|2
|x− y|n+2α dxdy 
C
|I|
∫
|t|∞<l(I)
Ψ f ,p,α(I + t)+ CΨ f ,p,α(I)
 C supΨ f ,p,α(I + t).
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1
|I|
∫
|t|∞<l(I)
Ψ f ,p,α(I + t)dt = 1|I|
∫
|t|∞<l(I)
∫
Rn
∫
Rn
K I+t(x, y)
∣∣ f (x)− f (y)∣∣2 dxdy dt
=
∫
Rn
∫
Rn
1
|I|
∫
|t|∞<l(I)
KI+t(x, y)dt
∣∣ f (x) − f (y)∣∣2 dxdy.
Similar to the proof of Lemma 5.4 in [7], we only need to verify
1
|I|
∫
|t|∞<l(I)
KI+t(x, y)dt + KI (x, y) C |I|
2
p −1|x− y|−2α−n.
In fact, suppose that x, y ∈ I with |x− y|∞  l(I)/2 and let l 0 satisfying the property
2−l−2l(I) < |x− y|∞  2−l−1l(I).
Then we have
1
|I|
∫
|t|∞<l(I)
KI+t(x, y)dt 
1
2|I|
∫
Rn
∑
J∈Dl(I+t)
2(2α+n)k|I| 2p − 2αn −2χ J (x)χ J (y)dt
= 2(2α+n)l−1|I| 2p − 2αn −3
∑
J∈Dl(I)
∫
Rn
χ J+t(x)χ J+t(y)dt
 C |x− y|−2α−n|I| 2p −2
∑
J∈Dl(I)
∫
Rn
χ J+t(x)χ J+t(y)dt
 C |x− y|−2α−n|I| 2p −22−n|I|
 C |x− y|−2α−n|I| 2p −1.
If x, y ∈ I and |x− y|∞ > 12 l(I), we have
KI (x, y)
1
2
|I| 2p − 2αn −2  C |x− y|−2α−n|I| 2p −1.
This ﬁnishes the proof of Lemma 3.2. 
Theorem 3.3. Let 0< α < 1. Then Q α,2p (Rn) equals the space of all measurable functions f on Rn such that supI Ψ f ,p,α(I) is ﬁnite,
where I ranges over all cubes in Rn. Moreover, the square root of this supremum is a norm on Q α,2p (R
n), equivalent to ‖ f ‖Q α,2p (Rn) as
deﬁned above.
Using this equivalent characterization of Q α,2p (R
n), let mI (t) = |{x ∈ I: | f (x) − f I | > t}|, similar to the proof of Proposi-
tion 1.2 in [12], we can establish the John–Nirenberg inequality.
Theorem 3.4. Let 0<α < 1, 0 s < 2. If there exist positive constants B,C and γ , such that for any cube I ⊂ Rn, and any t > 0,
(
l(I)
) 2n
p −2α
∞∑
k=0
2(2α−n)k
∑
J∈Dk(I)
m J (t)
| J |  Bmax
{
1,
(
C
t
)s}
exp(−γ t),
then f ∈ Q α,2p (Rn).
For t > 0 and ξ = t(l(I))α− np , like in the proof of Proposition 1.3 in [12], by applying the Calderón–Zygmund decomposi-
tion to | f (x) − f J | on a sub-cube J ∈Dk(I), we have the following theorem. Here we omit the proof.
Theorem 3.5. Let 0 < α < 1, p > nα and f ∈ Q α,2p (Rn). Then there exist positive constants B and γ , such that for any cube I ⊂ Rn,
and any t  ‖ f ‖Q α,2p (Rn) , or t  ‖ f ‖Q α,2p (Rn) but (l(I))
n
p −α  1
(
l(I)
) 2n
p −2α
∞∑
k=0
2(2α−n)k
∑
J∈Dk(I)
m J (t)
| J |  Bmax
{
1,
(‖ f ‖Q α,2p (Rn)
t
)2}
exp
( −γ t
‖ f ‖Q α,2p (Rn)
)
holds.
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n
p −α < 1, there holds
(
l(I)
) 2n
p −2α
∞∑
k=0
2(2α−n)k
∑
J∈Dk(I)
m J (t)
| J |  B.
4. Boundedness of the weighted Hardy operator Uψ on Q
α,q
p (R
n)
In this section, we will discuss the boundedness of Uψ and its adjoint operator Vψ on general space Q
α,q
p (R
n).
Theorem 4.1. Let ψ : [0,1] → [0,∞) be a function and p ∈ (0,∞], q ∈ [1,∞), 0 < α < 1 and α  n/p. Then Uψ : Q α,qp (Rn) →
Q α,qp (R
n) exists as a bounded operator if
1∫
0
t−
n
p +αψ(t)dt < ∞. (4.1)
Moreover, when (4.1) holds and α > n( 1p − 1q ), the norm of Uψ on Q α,qp (Rn) is given by
‖Uψ‖Q α,qp (Rn)→Q α,qp (Rn) =
1∫
0
t−
n
p +αψ(t)dt. (4.2)
Proof. Suppose (4.1) holds. If f ∈ Q α,qp (Rn), then for any cube I in Rn , applying Minkowski’s inequality, we have(∫
I
∫
I
|Uψ f (x)− Uψ f (y)|q
|x− y|n+qα dxdy
)1/q
=
(∫
I
∫
I
| ∫ 10 ( f (tx)− f (ty))ψ(t)dt|q
|x− y|n+qα dxdy
)1/q

1∫
0
(∫
I
∫
I
| f (tx)− f (ty)|q
|x− y|n+qα dxdy
)1/q
ψ(t)dt,
and (∫
I
∫
I
| f (tx)− f (ty)|q
|x− y|n+qα dxdy
)1/q
=
(∫
t I
∫
t I
| f (u)− f (v)|q
|u − v|n+qα du dv
)1/q
· t(qα−n)/q.
Therefore,
|I| 1p − 1q
(∫
I
∫
I
|Uψ f (x)− Uψ f (y)|q
|x− y|n+qα dxdy
)1/q

1∫
0
|t I| 1p − 1q
(∫
t I
∫
t I
| f (u)− f (v)|2
|u − v|n+qα du dv
)1/q
· t qα−nq −n( 1p − 1q )ψ(t)dt

1∫
0
|t I| 1p − 1q
(∫
t I
∫
t I
| f (u)− f (v)|2
|u − v|n+qα du dv
)1/q
t−
n
p +αψ(t)dt
 ‖ f ‖Q α,qp (Rn)
1∫
0
t−
n
p +αψ(t)dt.
This implies the boundedness of Uψ on Q
α,q
p (R
n).
Conversely, if Uψ is bounded on Q
α,q
p (R
n), then we can choose the function
f0(x) =
{
−|x|− np +α, x ∈ Rnl ,
|x|− np +α, x ∈ Rn,r
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n
r denote the left and right halves of R
n , separated by the hyperplane x1 = 0 (x1 is the ﬁrst coordinate of
x ∈ Rn).
We compute the norm on Q α,qp (R
n) as follows. For any cube I in Rn , if α > n( 1p − 1q ), we have∫
|y|<l(I)
∫
I
∣∣ f0(x+ y) − f0(x)∣∣q dx dy|y|n+qα
 C
∫
|y|<l(I)
∫
I
∣∣ f0(x)∣∣q dx dy|y|n+qα
 C
∫
|y|<l(I)
( ∫
I∩{|x|l(I)}
|x|(− np +α)q dx+
∫
I∩{|x|>l(I)}
|x|(− np +α)q dx
)
dy
|y|n+qα
 Cl(I)−nq/p+n
which implies that 0 
= ‖ f0‖Q α,qp (Rn) < ∞.
Since
Uψ f0(x) = f0(x)
1∫
0
t−
n
p +αψ(t)dt,
we have
‖Uψ‖Q α,qp (Rn) =
1∫
0
t−
n
p +αψ(t)dt.
Therefore, (4.1) holds and (4.2) is obvious. 
Remark 4.1. In fact, if we choose p = n/α and q = 2,
1∫
0
t−
n
p +αψ(t)dt =
1∫
0
ψ(t)dt
is the suﬃcient and necessary condition for the boundedness for Uψ on Q
α,2
n/α(R
n) = Qα(Rn).
The weighted Hardy operator Uψ and the weighted Cesàro average operator Vψ are adjoint mutually,∫
Rn
g(x)Uψ f (x)dx =
∫
Rn
f (x)Vψ f (x)dx,
where f ∈ Qα(Rn) and g ∈ HH1−α(Rn) (see the deﬁnition in Section 5).
Similar to the proof of Theorem 4.1, we have the next theorem.
Theorem 4.2. Let ψ : [0,1] → [0,∞) be a function and p ∈ (0,∞], q ∈ [1,∞), 0 < α < 1 and α  n/p. Then Vψ : Q α,qp (Rn) →
Q α,qp (R
n) exists as a bounded operator if
1∫
0
t−n(1−
1
p )−αψ(t)dt < ∞. (4.3)
Moreover, when (4.3) holds and α > n( 1p − 1q ), the norm of Uψ on Q α,qp (Rn) is given by
‖Vψ‖Q α,qp (Rn)→Q α,qp (Rn) =
1∫
0
t−n(1−
1
p )−αψ(t)dt.
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In this section, we want to prove the boundedness of Vψ on the dual space HH1−α(Rn) of Qα(Rn) and on the dual space
F H˙s,τp,q(R
n) of Q α,qp (R
n). To deﬁnite the spaces HH1−α(Rn) and F H˙
s,τ
p,q(R
n), we need the following lemma which is Lemma 1.1
in [8] and some deﬁnitions.
Lemma 5.1. Fix N ∈ N. Then there exists a function φ : Rn → Rn such that
(1) supp(φ) ⊂ {x ∈ Rn: |x| 1};
(2) φ is radial;
(3) φ ∈ C∞(Rn);
(4)
∫
Rn
xγ φ(x)dx = 0 if |γ | N, γ ∈ Nn, xγ = xγ11 xγ22 · · · xγnn , |γ | = γ1 + γ2 + · · · + γn;
(5)
∫∞
0 (φˆ(tξ))
2 dt
t = 1 if ξ ∈ Rn\{0}.
Deﬁnition 5.2. (See [4].) If d ∈ (0,n] and E ⊂ Rn , then the d-dimensional Hausdorff capacity of E is deﬁned by
Λ
(∞)
d (E) := inf
{∑
j
rdj : E ⊂
∞⋃
j=1
B(x j, r j)
}
,
where the inﬁmum is taken over all coverings of E by countable families of open (closed) balls with radius r j .
Deﬁnition 5.3. (See [4].) The space T 1d consists of all measurable functions f on R
n+1+ for which
‖ f ‖T 1d := infω
( ∫
R
n+1+
∣∣ f (x, t)∣∣2ω(x, t)−1 dxdt
t1−n+d
)1/2
< ∞,
where the inﬁmum is taken over all nonnegative Borel measurable functions ω on Rn+1+ with∫
Rn
NωdΛ(∞)d  1,
and with the restriction that ω is allowed to vanish only where f vanishes.
Deﬁnition 5.4. (See [4].) For φ as in Lemma 5.1 and 0 < α < min{1,n/2}, we deﬁne the Hardy–Hausdorff space HH1−α(Rn)
to be class of all distributions f ∈ L˙2−n/2(Rn) with
‖ f ‖HH1−α(Rn) :=
∥∥ f ∗ φt(·)∥∥T 1n−2α < ∞.
Deﬁnition 5.5. (See [24].) Let p,q ∈ (1,∞) and τ ∈ (0,q/max(p,q)′). F T˙ s,τp,q(Rn+1+ ) is deﬁned as the set of all measurable
functions f on Rn+1+ such that
‖ f ‖F T˙ s,τp,q(Rn+1+ ) := infω
∥∥∥∥
{∑
k∈Z
2ksq
∣∣ f k∣∣q[ωk]−1}1/q∥∥∥∥
Lp(Rn)
< ∞,
where the inﬁmum is taken over all nonnegative Borel measurable functions ω on Rn+1+ with∫
Rn
(
Nω(x)
)max(p,q)′/q
dΛ(∞)nτ max(p,q)′/q  1,
and with the restriction that ω is allowed to vanish only where f vanishes.
Deﬁnition 5.6. (See [24].) Let p,q ∈ (1,∞) and τ ∈ (0,q/max(p,q)′). For φ as in Lemma 5.1 and 0 < α < min{1,n/2}, we
deﬁne the Hardy–Hausdorff space F H˙s,τp,q(R
n) as the class of all distributions f ∈ S′∞(Rn) such that
‖ f ‖F H˙s,τp,q(Rn) :=
∥∥ f ∗ φt(·)∥∥F T˙ s,τp,q(Rn+1+ ) < ∞.
The spaces F H˙s,τp,q(R
n) were originally introduced in [24] via Hausdorff capacities and their dyadic versions (see [23])
and further studied in [25] and [26].
It follows from [4, Theorem 7.1] that the dual of Qα(Rn) is HH1−α(Rn). By (4.3), we can deduce the following result.
C. Tang, Z. Zhai / J. Math. Anal. Appl. 371 (2010) 665–676 675Theorem 5.7. Let ψ : [0,1] → [0,∞) be a function, 0 < α < min{1,n/2}. Then Vψ : HH1−α(Rn) → HH1−α(Rn) exists as a bounded
operator if and only if
1∫
0
t−nψ(t)dt < ∞. (5.1)
Moreover, when (5.1) holds, the norm of Vψ on HH1−α(Rn) is given by
‖Vψ‖HH1−α(Rn)→HH1−α(Rn) =
1∫
0
t−nψ(t)dt.
We know that the dual space of the Hardy–Hausdorff space F H˙s,τp,q(R
n) is the Triebel–Lizorkin–Haudorff space F˙−s,τp′,q′ (R
n);
see [24]. As Q α,qp (R
n) = F˙α,
1
q − 1p
q,q (R
n) (Corollary 3.1, [24]), for adjoint operator of Uψ , we have the following theorem.
Theorem 5.8. Let ψ : [0,1] → [0,∞) be a function, 0 < α < min{1,n/2} and α  n/p. Then Vψ : F H˙−α,1−
q
p
q′,q′ (R
n) →
F H˙
−α,1− qp
q′,q′ (R
n) exists as a bounded operator if
1∫
0
t−n(1−1/p)−αψ(t)dt < ∞. (5.2)
Moreover, when (5.2) holds and α > n( 1p − 1q ), the norm of Vψ on F H˙
−α,1− qp
q′,q′ (R
n) is given by
‖Vψ‖
F H˙
−α,1− qp
q′,q′ (R
n)→F H˙−α,1−
q
p
q′,q′ (R
n)
=
1∫
0
t−n(1−1/p)−αψ(t)dt.
Remark 5.1. In fact, if we choose p = n/α and q = 2, then
1∫
0
t−n(1−1/p)−αψ(t)dt =
1∫
0
t−nψ(t)dt,
and Theorem 5.8 is consistent with Theorem 5.7 since F H˙
−α,1− 2αn
2,2 (R
n) = HH1−α(Rn).
Our theorems actually induce the following results:
‖Vψ‖
F H˙
−α,1− qp
q′,q′ (R
n)→F H˙−α,1−
q
p
q′,q′ (R
n)
= ‖Uψ‖Q α,qp (Rn)→Q α,qp (Rn)
and
‖Uψ‖
F H˙
−α,1− qp
q′,q′ (R
n)→F H˙−α,1−
q
p
q′,q′ (R
n)
= ‖Vψ‖Q α,qp (Rn)→Q α,qp (Rn).
In particular,
‖Vψ‖HH1−α(Rn)→HH1−α(Rn) = ‖Uψ‖Qα(Rn)→Qα(Rn),
and
‖Uψ‖HH1−α(Rn)→HH1−α(Rn) = ‖Vψ‖Qα(Rn)→Qα(Rn).
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